Abstract. A noetherian ring of Krull dimension one is constructed which possesses a simple module with a cyclic non-artinian essential extension. The construction also provides an example of a torsionfree noetherian bimodule which fails to satisfy Jategaonkar's density condition.
Definition.
Let E 3 F be skew fields. An element a g £ is right transcendental over F provided the powers of a, namely 1, a, a2,..., are right linearly independent over F. The extension E D F is right transcendental if and only if E contains an element right transcendental over F. over F¡+1 and also over F. Moreover, since the elements ex,...,en are left linearly independent over each FJ + l, they are left linearly independent over F. Therefore, {ex,...,e"} is a left basis for E over F. Further, given any subset X cz E0 that is right linearly independent over F0, our construction ensures that X remains right linearly independent over each F,+1, and therefore right linearly independent over F. D Corollary 4. Given any integer n > 2, there exist skew field extensions E 3 F such that on the left, E is n-dimensional over F, while on the right, E is transcendental over F.
Proof. We take F0 to be a commutative field K, and E0 to be a rational function field K(x). Then 1, x, x2,..., x",... are (left and right) linearly independent over F0. When we apply Theorem 3, choosing x,x2,...,x" for ex,...,en, we obtain skew fields E D F u u Eo^Fo such that {x, x2,..., x") is a left basis for E over F while (1, x, x2 ,...} is right linearly independent over F. D
Example. There exists a right and left noetherian ring with right and left Krull dimension one which has a simple module with a non-artinian cyclic essential extension.
Proof. By Corollary 4, there exists a skew field extension E 3 F such that E is left finite-dimensional over F while E contains an element a which is right It remains to be shown that J/I is essential in K/I. Any nonzero element of K/I is a coset x + I, where x G /C -/. If x G 7, then x + / is in 7/7. If x £ 7, then * = (a °) for some a G Ä and some nonzero è g S. As S n M = 0, we have b G M, whence the product x^ ¡j) = (£ g) lies in 7 -7, and so (x + /)(? g) is a nonzero element of ///. Therefore K/I is an essential extension of ///. D The ingredients in our example also provide a bimodule which fails to satisfy the "right density condition" introduced by Jategaonkar in [4, pp. 53, 54]. (A torsionfree noetherian bimodule SBR over prime noetherian rings R and 5 satisfies this condition provided every essential right /?-submodule of B contains a submodule of the form cB where c is a regular element of S.) In our example, the ring R is a torsionfree noetherian (S, R)-bimodule, and M is an essential right /?-submodule of R, but cR % M for all nonzero elements c g S, because S n M = 0. Thus, SRR fails to satisfy the right density condition. In fact, the existence of torsionfree noetherian bimodules for which the density condition fails follows from the existence of a noetherian ring of Krull dimension one having a non-artinian finitely generated module with essential socle [4, Corollary 3.6] .
